This paper presents a model-based, off-line method for analyzing the performance of individual components in an operating gas turbine. This integrated model combines submodels of the combustor efficiency, the combustor pressure loss, the hot-end heat transfer, the turbine inlet temperature, and the turbine performance. As part of this, new physics-based models are proposed for both the combustor efficiency and the turbine. These new models accommodate operating points that feature the flame extending beyond the combustor and combustion occurring in the turbine. Systematic model reduction is undertaken using experimental data from a prototype, microgas turbine rig built by the group. This so called gas turbine air compressor (GTAC) prototype utilizes a single compressor to provide cycle air and a supply of compressed air as its sole output. The most general model results in sensible estimates of all system parameters, including those obtained from the new models that describe variations in both the combustor and turbine performance. As with other microgas turbines, heat losses are also found to be significant.
Introduction
The production of compressed air constitutes a considerable portion of industrial electrical consumption. An alternative to electrically driven air compression systems is a gas turbine cycle converted to the sole production of compressed air. Such devices possess characteristics that may be attractive relative to electrically driven air compressors. Features such as oil-free operation can be incorporated, while high power density and low vibration are intrinsic qualities of gas turbines. Further advantage is gained by not using electricity infrastructure.
This paper examines an alternative arrangement that uses a single stage microturbine, and is referred to as a gas turbine air compressor (GTAC) (Fig. 1) . In this configuration, the compressor produces compressed air for both delivery and the cycle. Compressed air is bled between the compressor and the combustion chamber, with constant delivery pressure maintained by varying fuel flow.
This arrangement is similar to an integral bleed auxiliary power unit (APU) for an aircraft without the provision for shaft work [1] . The efficiency of an integral bleed APU is related to the device pressure ratio and, therefore, limited by demand side constraints on bleed temperatures. This led to the development of APUs with a power turbine driving a load compressor, decoupling the pneumatic delivery pressure from the power turbine pressure ratio. However, this increase in efficiency came at the cost of increased device complexity and reduced compactness [1] .
Similarly, Turner et al. [2] implemented a gas turbine driven air compressor at a larger scale using a Rolls-Royce Dart RDa 12 Turboprop engine to drive a centrifugal compressor. While successful, this arrangement suffered from starting issues due to windage and pumping losses, problems common to gas turbine driven compressors. Using an integral bleed approach for the GTAC is feasible, as the limits imposed on compressor exit temperature are less stringent than in aviation applications. This allows the GTAC to be more compact, have fewer components, and, therefore, be cheaper to manufacture and maintain, while at the same time providing competitive efficiency to load compressor arrangements, without the aforementioned complications.
As with any gas turbine, characterizing the performance of the GTAC is complicated by difficulties inherent in measuring some component performance parameters. In order to infer these quantities, this paper proposes a new "inverse-cycle" model, with specific emphasis on identifying characteristics prevalent in the GTAC prototype, using measurements readily available on production gas turbines.
To achieve this, the proposed model combines simultaneous inference of the combustor efficiency, the combustor pressure loss, the hot-end heat transfer, the turbine inlet temperature, and the turbine performance. As part of this, new physics-based models are proposed for both the combustor efficiency and the turbine. These new models can accommodate operating points with the flame extending beyond the combustor and combustion occurring in the turbine. Further, this combination of effects does not appear to have been considered in the open literature (e.g., [3] [4] [5] .). The general form of the component models are calibrated simultaneously using experimental data and numerical optimization techniques, and reductions in model complexity are then evaluated.
Experimental and Numerical Methods
Experimental Rig Details. The prototype GTAC, shown in Fig. 2 , was designed as the first step in a larger development program [6] . The rig is built around a Garrett GT3076R automotive turbocharger that has been modified to include an inductive rotor speed sensor. The compressed air bleed rate is regulated by an automotive throttle valve located on a branch between the compressor exit and combustion chamber (BV in Fig. 1 ). The combustion chamber incorporates a propane-fired diffusion flame with swirl, and includes a liner that directs a stream of cooling air between the outer pipe and primary combustion zone. Figure 1 shows the location of the instrumentation installed on the GTAC. Inlet pressure and temperature measurements are taken in the intake duct using a Druck PTX1400 static pressure transducer and K-type thermocouple (P s;ci and T ci , respectively). The compressor mass flow rate _ m ci is calculated from the dynamic pressure, and the density calculated from the inlet pressure and temperature. The dynamic pressure is measured by a Druck STX2100 differential pressure transducer between the static tap and a fixed stagnation pressure probe. The output of the stagnation probe is calibrated against a second, traversing probe to account for nonuniformity in the pressure profile across the duct. The compressor exit conditions are measured with another Druck PTX1400 static pressure transducer and a K-type thermocouple located before the inlet to the combustion chamber (P s;cci and T s;cci , respectively). A K-type thermocouple is used to measure the temperature at the exit of the combustion chamber T cce . However, the combination of combustion, heat transfer, and strongly nonuniform temperature profile at this location renders this measurement unreliable. Propane flow into the combustion chamber _ m f is measured using a Micro Motion CMF010M Coriolis mass flow meter.
Exhaust pressure and temperature are measured using a Druck PTX1400 static pressure transducer and K-type thermocouple installed in the exhaust pipe (P s;te and T te , respectively). Measurements are taken of exhaust unburnt hydrocarbon (UHC) emissions using an Autodiagnostics ADS9000. Given the importance of the unburnt hydrocarbon measurement as part of the modeling to be discussed, a second measurement was taken using a Cambustion fast flame ionization detector (FFID), which confirmed negligible UHC concentration in the exhaust.
Direct measurement of the bleed flow rate is difficult as the fraction of air bled from the cycle is approaches zero at idle conditions. Indirect measurement is facilitated by a Bosch LSU4.9 wideband exhaust gas oxygen sensor in the exhaust pipe. This reading of the exhaust air fuel ratio can be combined with the measurements of fuel and compressor mass flow rate to provide a measure of the bled flow rate:
Exhaust Gas Thermocouple Compensation. When the difference between the temperature of the gas and the surrounding surfaces becomes sufficiently large, as is the case for the turbine inlet and exit thermocouples, the heat transfer from the tip of the thermocouple probe to these surfaces can cause significant errors in the temperature measurement. Even in the absence of these losses, the protrusion of the probe into a moving flow results in the temperature measurement lying somewhere between the static and stagnation temperature. The errors introduced by these phenomena can be quantified by what Benedict [7] refers to as a dynamic correction factor, which can be determined through heat transfer modeling or empirical correlation.
To estimate this effect for the turbine exhaust thermocouple, the heat transfer is modeled using a finite element representation of the thermocouple [7] . Each element of the probe is subjected to convection from the exhaust gas, radiation exchange with the exhaust pipe wall, and conduction along the probe towards the exhaust pipe wall. The measured probe temperature is used for the probe tip boundary condition, and wall temperature acts as the second boundary condition. To obtain the wall temperature boundary condition, a second, lumped parameter heat transfer model is derived for the exhaust pipe assuming that there is negligible conduction from the turbine housing. This second model encompasses the convection from the exhaust gas to the wall, and from the wall to ambient air through convection and radiation. The surfaces are assumed to behave as black bodies. A solution for the corrected gas temperature T s;te is determined by the iterative solution of these two models. The compensated turbine exit temperature is plotted against the measured value in Fig. 3 . The correction is roughly 40K at the highest measured temperatures, which is significant.
Optimization Methods. The optimization problems proposed in the following sections are solved using the fmincon function in the optimization toolbox for the Mathworks MATLAB software package. The function fmincon is a constrained nonlinear optimization code that seeks to minimize a given cost function, subject to specified constraints on the parameters.
Modeling
Compressor. The sensors available on the GTAC are sufficient to measure the compressor performance. Should the compressor need to be modeled, the reader is referred to the existing literature, such as the works of Gravdahl et al. [8] and Moraal and Kolmanovsky [9] . Transactions of the ASME
Combustor. The combustor model determines the heat release and the pressure drop due to viscous effects. Experiments conducted with the combustion chamber on a test stand independent of the GTAC showed that several operating conditions would result in the flame extending beyond the end of the combustion chamber. As combustion in the turbine has implications for turbine performance and heat transfer, a model of the flame length is required.
The presence of turbulent combustion with swirl and the reintroduction of secondary cooling flows complicates the problem, rendering a detailed model impractical. Strahle [10] describes a model for a diffusion flame in still air where the length of the flame is linearly proportional to the gas jet velocity. A simple extension of this model is used where the flame length L fl has a linear relationship with the difference between the fuel jet velocity and co-flow at the base of the flame DV comb ;
This includes an unknown diffusion coefficient in the tunable parameters a fl and b fl . It is assumed that a fl and b fl are constant for a given burner and across all operating points. In practice this is not the case but leads to acceptable model performance in this study. The total heat released by combustion of the fuel prior to some streamwise distance x from the fuel nozzle is then defined by
where LHV is the lower heating value of the fuel. The combustor efficiency is then defined as
The stagnation pressure drop across the combustor is composed of viscous (cold) losses and hot losses inherently associated with nonadiabatic flow. The cold pressure drop is modeled to be proportional to the dynamic pressure entering the combustion chamber:
where the tunable parameter c pd is constant across all operating conditions. This leads to a combustor pressure ratio
For the pressure loss due to nonadiabatic flow in a perfect gas, Oates [11] derives the result
The conditions prevalent in the GTAC combustor lead to a hot pressure loss that is an order of magnitude lower than the cold losses, and thus neglected.
Heat Transfer. A model is implemented for heat transfer between the internal gas flow and the atmosphere through the highest temperature sections of the prototype. In the case of the GTAC, this corresponds to the convergent section of the combustor, the turbine housing, and the exhaust pipe between the turbine exit and the exhaust temperature sensor. The surface is uniformly treated as a blackbody. The heat transfer is complicated by the complex device geometry. It is assumed that the heat transfer area can be treated as a single surface, represented by a constant surface area A ht , and a uniform thickness t wall . It is further assumed that the temperature and convection coefficients chosen apply uniformly over this entire surface. A simple Nusselt number correlation for convection is used:
If the Reynolds number variation is significant, a and b could themselves be made dependent on Re, although this is not considered in this study.
For the GTAC prototype, it was found that assuming negligible thermal resistance due to conduction did not lead to significant modeling errors. This enables simplification of the heat transfer model to the form
where only the model parameters for h int , h ext , and A ht are included.
Turbine. As there may be flame extending beyond the combustion chamber, the model for the turbine must accommodate combustion during the turbine expansion. To this end, a new model for the expansion process is proposed. The expansion process is treated as a series of n pairs, each consisting of an isobaric combustion process followed by a conventional turbine expansion. The pressure ratio is assumed to be equal across all expansions, and each combustion stage consumes an equal fraction of the fuel reacted in the turbine. Using this approach, the change in pressure and temperature from the start of process number i to the start of process i þ 2 is given by the following relationships. Note that use of the polytropic efficiency is necessary to allow the turbine efficiency to be the same for each incremental stage.
The temperature at the end of a given pair can be calculated by recursively evaluating Eqs. (11) and (13) through all n pairs leading to the result
In order to approximate the turbine exit temperature with expansion and combustion occurring simultaneously the limit is taken as n ! 1:
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The preceding result relates the turbine exit temperature to the inlet conditions, pressure ratio, and polytropic efficiency. In order to make use of the more commonly supplied isentropic efficiency, the relationship between isentropic and polytropic efficiency
and then substituted into Eq. (16) to obtain the final result:
By way of validation, as _ m f ;turb ! 0, the second half of Eq. (19) disappears, leaving the standard result for turbine expansion, Eq. (13). Furthermore, as r p;turb ! 1, Eq. (19) collapses to the temperature change due to isobaric combustion, Eq. (11).
While this model explicitly refers to heat addition through combustion, this term could also represent heat removal through blade cooling in cases where the ratio of the cooling air mass flow to combustion mass flow rate is small. In this case, parameters for a cooling model would be needed in the problem formulation.
Where a variable turbine isentropic efficiency g turb is required, the data may be fit to a model proposed by Moraal and Kolmanovsky [9] , where g turb is a quadratic function of the blade speed ratio:
BSR ¼ pD turb;wheelÑturb 60 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
and the quadratic coefficients are linear functions of the corrected turbine spool speedÑ turb ¼ N shaft = ffiffiffiffiffiffiffi T t;ti p , such that
Problem Formulation. Combining Eqs. (2), (5), and (9), the properties and flow rates of the air and fuel entering the combustion chamber and the exhaust pressure measurement, it is possible to estimate the turbine exit temperature and the device's heat loss. Since the turbine exit temperature was measured, the sum of the normalized square of the error between the measured and modeled values provides one figure of merit for the model. While minimizing this value could obtain good agreement with the compensated turbine exit temperature measurement, this is no guarantee of conservation of energy over the device. Therefore, the objective function is augmented to include deviations from energy conservation. To obtain the target value, the measured enthalpy fluxes for each gas path entering and leaving the GTAC are used assuming constant specific heats and air as the working fluid: 
where W is the set of recorded data points and h is a weighting factor. The inequality constraint, specified by the matrix a and vector b, is included to limit the flame length parameters such that the combustion is complete prior to the FFID exhaust probe location, where no unburnt hydrocarbons were detected at any operating point. In most cases, the lower bound lb is zero, with the only exception being A ht , where the known surface area of the combustor convergence acts as the lower bound. The only hard upper constraints ub are on the model parameters for g turb , which cannot cause g turb to exceed 100% and c pd , which cannot cause r p;turb 1.
Stationary Power Turbine. The model proposed for the GTAC can be adapted to other gas turbines. For an unrecuperated, stationary microgas turbine producing shaft work, the bled air term in Eq. (22) is replaced with a measured shaft work term:
For larger turbines, the model should still hold but heat losses will be less significant as the scale increases. 
Results and Discussion
Steady-state data were acquired from the prototype GTAC by setting a delivery pressure ratio and bleed valve position. The bleed valve position was incrementally varied from closed to the highest opening possible within temperature limitations of the turbine. This process was repeated at three separate pressure ratios, r p;c ¼ 3, r p;c ¼ 2:5, and r p;c ¼ 2
. The results form the basis for the following discussion.
GTAC Performance. As the GTAC does not generate shaft work, the traditional definition of thermal efficiency is not directly applicable. If the isentropic enthalpy change across the compressor is considered to be the useful work done in production of compressed air, then the ratio of useful work to energy input is
This measure of GTAC efficiency is plotted for the three delivery pressure ratios in Fig. 4(a) . The efficiency initially increases as the bled mass flow is increased but suffers diminishing returns as the fuel flow rate increases faster than the bled mass flow rate (Figs. 4(c) and 4(d) ). Figure 4 (c) shows that the bled mass fraction steadily increases, limited by temperature considerations that apply when bleeding just over 30% of the compressor mass flow for compressed air delivery. It is emphasized that these efficiencies are low because this rig is a prototype. The companion work [6] demonstrates how a GTAC might be made significantly more efficient, through recuperation, steam injection, and cogeneration, with predicted reductions in greenhouse gas emissions of up to 50% compared with existing technologies.
Case A: Variable g cc , r p;cc , g turb , Q loss . Figure 5 shows the results of performing the optimization detailed by Eq. (23), assuming that h int and h ext are constant across all operating points observed, and that the turbine isentropic efficiency is governed by Eq. (21). This leads to the optimization parameter vector
The cost function was weighted more heavily towards exit temperature agreement (h ¼ 0:8) as it was found that h 0:8 did not lead to noticeable improvement in the energy balance but did degrade the agreement between the modeled and measured exit temperature. Figure 5 (a) demonstrates that the model achieves good agreement with the compensated turbine exit temperature measurement. Figure 5(b) shows the net enthalpy imbalance of the model as a percentage of the total energy released by the fuel _ m f LHV. This indicates that this balance is within a few percent for all operating conditions, with a general trend to better agreement at high power operating conditions. The fraction of the flame extending beyond the combustor is plotted in Fig. 5(c) , showing that the modeled flame burns beyond the combustion chamber for the higher power operating points, in keeping with previous test stand observations. The magnitude of the combustor pressure ratio shown in Fig. 5(d) is consistent with representative values quoted in gas turbine references [12, 13] . The values of the optimized parameters are included in case A of Table 1 . The inferred turbine isentropic efficiency for all operating points is shown in Fig. 7 , and the reported values are within a sensible range when compared with the values quoted by the manufacturer's map.
Estimation of the turbine inlet temperature during experiments was based on the thermocouple at the exit of the combustion chamber. This measurement, coupled with a safety margin, was nominally used to restrict the turbine inlet temperature to 950 C (1223 K). The turbine inlet temperature T t;ti estimated by this model is shown in Fig. 6 and suggests that this limit has been reached for the r p;c ¼ 3 data.
Case B: Constant g turb . Figure 7 demonstrated that the variation in inferred g turb is only a few percentage points over the entire range of operating points recorded. To discern the importance of this curve-fit technique, the parameter vector is now modified with constant g turb :
The optimization results are tabulated under case B in Table 1 and show strong quantitative similarity with the results obtained for case A. Furthermore, Table 1 also indicates that representing the turbine isentropic efficiency with a constant value does not compromise the agreement between the measured and modeled exit temperatures, or satisfaction of the first law. Therefore, the model can be simplified by maintaining a single g turb without significant penalty when representing the GTAC prototype.
Case C: Constant r p;cc , L fl . Figure 5 (d) indicates that there is not significant variation in the combustor pressure ratio over the range of operating points recorded. To assess the importance of the combustor model for the GTAC, Eqs. (2) and (5) are replaced with constant values of L fl and r p;cc in the cost function and parameter vector
The parameters resulting from this optimization are listed in Table 1 under case C. Neither the exhaust temperature agreement nor the device energy balance is noticeably worsened by the reduction in detail. Despite this, comparison of cases A and C in Table 1 reveals that the heat transfer parameters have undergone noticeable variation, caused by the change in the representative temperature used for the heat transfer model. This makes physical sense, as forcing r p;cc and L fl to be constant means energy conservation over the device must be achieved through variations in the other parameters influencing the heat loss. These results also show that while r p;cc remains within the range reported previously for cases A and B, fixing L fl to 0.51 m infers that g cc ¼ 1 at all operating conditions Case D: Adiabatic Device. Figure 8 shows the model optimization repeated with the heat transfer components removed, i.e., 
While the case D results in Table 1 show the agreement with the turbine exit temperature is only marginally worse than for cases A-C, closure of the first law over the rig is severely compromised. As the model determines T t;ti for Eq. (19) using the flame length and the heat transfer model, the removal of the heat transfer component forces the turbine isentropic efficiency and pressure ratio to increase (in order to try and match the exit temperatures). This leads to an optimized solution with a nonphysical turbine expansion ratio (c pd is set to 0), and higher turbine isentropic efficiency as indicated in Table 1 . Additionally, the isentropic efficiency is higher than the maximum efficiencies provided by the manufacturers' maps. These results demonstrate the importance of heat losses as part of the overall model of a turbine of this scale.
Conclusions
This paper presented an experimental study of the steady-state performance of a microgas turbine designed for compressed air production. This study showed that it was possible to bleed up to one-third of the cycle air flow for compressed air supply, limited by thermal considerations in the turbine. Although the efficiency of this prototype, unrecuperated configuration was low, significant improvements to the efficiency and greenhouse gas emissions of the device can be achieved through exhaust heat recovery, as detailed by a companion work [6] .
A model-based, off-line method for analyzing the steady-state performance of individual components in an operating gas turbine was then proposed. This model combined submodels of the combustor efficiency, the combustor pressure loss, the hot-end heat transfer, the turbine inlet temperature, and the turbine performance. As part of this, new physics-based models were proposed for both the combustor efficiency and the turbine. These new models could accommodate operating points that feature the flame extending beyond the combustor and combustion occurring in the turbine.
The proposed model was then demonstrated experimentally on the prototype rig, using measurements readily available on production gas turbines. The model was shown to offer sensible estimates for several gas turbine performance parameters that cannot be measured in practice, including those obtained from the new models that described variations in both the combustor and turbine performance. Systematic model reduction was undertaken and showed that the turbine efficiency model could be simplified. However, simplifying the combustor model produced noticeable variation in the other inferred characteristics. As with other microgas turbines, heat losses were found to be significant.
